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 `a^n`hyX~VwyX_g`do`acR^PgcfwywymV~hyo,©mV^nVjfWX^Ghyjfb¼~Vwycf~AXwh`dX_oickO^smVWXwy`dg_jkb&jfbaeRcfwy`hyTVWo hTMjh¦Tncfbl`a^ X Vjfgh]jkwy`hyTVWXh`lgk
S TVXo{h)jktV`dbd`h{qPcf=hTnXjfbaeRcfwy`hyTVW cfw¦hTVXjRggmnwyjRgqck=hyTVXgcfW~VmVhX_ocfbdmh`dcf^Wj¬qtAXjCX_ghyX_ tGq³McRjhy`a^ne	~Acf`d^Gh
gcRW~Vmhyjkh`dcf^pC| °3Xbdba¯9²s^Vc°-^PX jfW~VbaX`doihTVXgcRW~nmhyjkh`dcf^ °-`ahT¥,X° hycf^p± o,`ahX_wyjkh`dcf^ cfx`abdba¯Âgcf^n`ah`dcf^nX_wycGcfhyoick
~AcfbdqG^ncfW`djfb:­d­3Wmnbhy`a~VbdXicRw=gbdmnorhX_w=ckªwycsckhyo
	a9s}-cfmn^n`d^VeXwywycfw)oOjk^njfbaqo`doO`lox~nw`d^ng`d~njfbabdq.~AXw©cfwyWX_rtsq.Tnjf^n	ÍYptVmhijfmhcRWjh`lgjk~V~nwcGjfg)TVXNo"mMorX]hTnXgcfW~VmVhXw hyc~VwycG`lX]WcfwyX]eRX^VX_wyjfbªjk^n	X_jRorqG¯9hck¯ÂmnoX]jf~V~Vbd`dg_jhy`acR^noÒ^/hyTV`do&~njf~MX_w_­N°"X=©cgmno&cf^/hyTVwyXX"jfmhcRWjh`lgxjf~V~VwycRjfg)TnX_o_hTVX,¢"¡"£S|i¢¦­NhTVX-¢"¡=¥i|jk^Mjk^`d^GhX_wjkbGWXhyTVcVo
S TVX/¢"¡"£S|i¢WXhTncsp­sVXfX_bacR~MXNtsqni`def^VXNo"jf^nTV`lo3gcfbdbdX_jkeRmVX_o=or`d^ngX.¬n­R`do3j/©cRw° jkw)o{hycg)Tnjforh`lg,WXhyTVc	 ÂÂh~Vwycs`dXNo.jqs^njfW`lg	X_orh`dWjkh`dcf^ ck,hyTVX^GmnWtAXwck]o`def^V`a®Mgjf^Gh`def`ahyock]gcfW~VmVhX_#wXNormnbh)ohyTnjh1jfbabdc°,o
`d^no{h)jktV`dbd`h{qbdcgjfba`d«_jkh`dcf^jf^n.jRggmVwyjRgq/gcR^Ghwycfb9NS TVXi¢"¡=¥¦| WXhTncsjk`dWo&hc/jkmhycfWjhy`dg_jkbdbaq`dW~VwcRX=hyTVX-jfg_gmVw)jfgq
ckªhyTVX¦gcfW~VmhyX_wyX_omVbah_GS TV`do"WXhyTVc1gcRW~nmhXNo=tAckhyT%j/bd`a^VXNjkw3gcfwywyX_ghy`a^nehXwyWÕjk^n%jgcR^®MX_^ngX,tAcfmn^n©cfw"hTnX





















WXhyTVcVojk^nPcfx`a^GhyXwy¬jfbjfw`ahTnWXh`lgkCS TVXX_oygwy`a~Vh`dcf^ cfOhTVXWjk`d^ g)Tnjkw)jfghX_w`lo{hy`dg_o-ck=hTVX¢"¡"£S|i¢ãWXhTncs `do
Þjk`ahTV©mVbphyc.hyTVX/~VwyX_oX^Ghyjkh`dcf^tsq1`h)o,jkmVhTVcRwyo jk^MgcfbdbaXNjkeRmVX_o_­jfo3©cfw-X VjkW~VbdXM-¦`aeR^VX_o-jf^nn ¯/. M¢"TVX_o^VX_jfm %`d^	 V­&0Â¼S TVXRXw)or`dcf^ck3hTnX	¢3| ]¥i|Õbd`atnwyjfwq °3XmnoXTVXwyX_jkëhXw/`loXNogw`dtAX_`a^1	 2Â¼S TVXWjk`d^wX©XwyX^ngX.©cRw/hTnX
¢"¡=¥¦|WXhTncs`lo3	 495Ò^GhywcmnghcRwq1wyX©X_wX_^ngXNo"hc`a^GhyXwy¬jfbpjkwy`hyTVWXhy`dg/jf^n%WXhTVcVo,jfwX6	7G­98­Â:<;>= ?A@CBEDGFGH<?6I1DKJLBNM-@COQP





YV,S TVXWXNjk^jkbdmVXck&hTVXoyjkW~VbdXgfUWVih­9UjYkflZmn_oh9prqVtsu UWV{­V`lo hTnXgcfW~VmhyX_wyX_omVbhNn,S TVX^smVWtAXw vxck=o`aeR^V`®Agjk^Ghi`def`ahyo¦`d^oU `lo¦X_orh`dWjkhXN°-`hyT hTnX£GhymnX^Gh`dorhwy`dtVmh`dcf^jfoyorcg`ljhyX_	hcyU.­





cfw)X_w%XCX_gh~nwXNcfW`d^njhyX_o1`d^hyTVX eRbacRtnjkb¦XwywcRw_­Td­`d^ hTnXjRggmnwyjRgq#cfhTnXgcRW~VmhXNwyX_omVbah_3¨ `hyThTnX_oX
Tsqs~McfhTVXNorXNo­shyTVXjkmVhTVcRwyo ~VwycfX¦hTMjh,hyTVXojfW~VbaXgfUTV/h3~Vwycs`dXNo-jo{h)jhy`dorh`lgjfbªWcX_ba`d^Ve R:jfo,jgX^GhX_wXN[jfmnoo`ljk^Ûê^# !n 
w)jk^ncRW jfw`ljktVbdX0Sck-hyTVX	X Vjfgh.wXNormVbah sOS TVX_q Xwy`aRX1wyXbljh`dcf^rRr0ShTnjkh.qs`dXblVohyTVXX_orh`dWjkhXN^smVWtAXwv x ck
o`aeR^V`®Agjk^Gh,XNg`dWjfbp`def`ahyo-oTnjkwyX_	tsq jf^n U.
S TV`loX_orh`dWjkh`dcf^jfbabdc°,o¼hTVX X®M^V`hy`acR^.cfVhTnX"jkbdmVX ­¬^njfWXNgcfW~Vmh)jh`dcf^MjkbG«Xwyci`d^1¢"¡"£S|i¢jk^n.o{hycg)Tnjforh`lg
«X_wc`d^ £|­MhTnjkh¦RXwy`®nXNoCU V Y RX Y,Z4\]^]^]^\`_oh cRwTvxVMS TV`do¦or~AX_g`®AgjkbdmVX	 VX_oygwy`atAX_o,j1«Xwyccfw¦j^Vcf^V¯





S TVX¢3| ]¥i|Ïba`dtVw)jkwyq`aW~VbdXWX^Gh)oihyTVX1¢"¡"£S|i¢WXhyTVc jk^M gcR^no`dorhyo¦`a^gcRW~nmh`d^Ve1hyTVXojfW~nbaX6UTV"mno`a^ne
j w)jk^McfW`lo{hyw`dtVmhy`acR^ck/hyTVX`aCXwyX^Gh	wycfmV^M`a^ne WcsVX_o	ck/hTnX ³ncGjhy`a^Ve#~McR`a^Ghjfw`ahTnWXh`lgk S TVX mMorXck/hTnX
 cRwrhywyjf^GR	jf^n |-Vj`dW~VbaX_WX^Ghyjkh`dcf^nocf=hTnX1¢3| ¦¥¦| ba`dtVw)jkwyqP`doorhw)jk`defTGhr©cRw° jkw)Po`a^ngXcfXwybdcRjfVX_cf~AXw)jhycfw)o




oyjkWX/²s`a^nbdcgjkbd`d«XhTnX/cf~AXw)jh`dcf^Mo cfw hTnX/hXNo{h)o hTnjkh¦omAX_w-©wycfWájo`def^V`a®Mgjf^Gh bdcRoyo ckxjRggmnwyjRgqfS TVXNorXÞjRg`dba`ah`dX_o
jkbdbdc° hTVX/mMorX_w hc~AXw©cfwyWÓj^GmnWX_w`lgjfbpXtnmVefeR`a^VeckhTnXgcfW~VmVhyjhy`acR^p:<;: ?A@CBEDGFjI JLBNM-@COQP
S TVX	¢"¡=¥¦|§WXhyTVcgcRW~nmhXNojPgcRwwyX_gh`d^VeÞjfghycfwhyTnjheRX^VX_wyjfbabdq `dW~VwcRX_o]hyTVX%jfg_gmVw)jfgqPck,jPgcRW~VmhXN
wyX_omVbhNVS TV`lo,gcRwwyX_gh`dcf^%wyXbd`dX_o cf^	hTnX®nwyorh-cfw)Xw,jf~V~Vwyc¬ `aWjhy`acR^1ckhTnX/efbdcftnjfbAX_wwycfwN­jkbdefcRw`ahTVW`lg`CXwyX^Ghy`djkh`dcf^
jk^MhyTVX,gcRW~Vmhyjkh`dcf^ckCXbdXWX^Gh)jkwyqjktnocfbdmhyX3wycfmn^n`d^VeXwywcRwyo_  Xh tAXijog_jkbljkw7wXNormnbh=gcfW~VmhyX_°-`hyT³ncRjkh`d^Ve
~Acf`d^Rh jkwy`hyTVWXhy`dg,jf^n  V ­X Y Z4\]^]^]n\_­GtMXihTVX¦`a^GhX_wWXN`djkhX,jfw`ljktVbdX_o=`a^GhywcmngX_hycXjfbamnjkhX Y  q GS TnXWXhyTVc	qs`dXblVo3hTnXgcfwywyX_ghyX_%wXNormVbah  X®M^VX_jfo
 Y   f  hn\ R:Y(S
°-`ahT
  f  h Y qV~su    V"!  V ]
S TV`lo gcfwywyX_ghy`a^neÞjfghcRw  `lo=hyTVXgcfW~VmVhX_	bd`a^VXNjkwy`a«Njhy`acR^ck¼hyTVX]efbdcftnjfbMX_wwycfw"`a^# °-`ahTwXNor~AX_gh"hychyTVX]XbdXWX^¯
hyjfwqX_wwycfw)o  V{­X Y$ Z(\^]^]]\`_ ­RhyTnjh,jfwXihTVXwycfmV^nV`a^Ve.XwywcRwyo=efX_^VXw)jhyX_tsqhTnX]`d^GhX_wWX_V`djkhXgcfW~VmVhyjhy`acR^no"ck
 R|,bdefcfwy`ahTVW`lg-`CXwyX^Ghy`djkh`dcf^qG`dXblVo7hyTVX-~njfwrhy`djfbVXwy`ajkh`dfX_o`d^  RÞoXXw	d_n©cfwxXhyjk`dblo7cf^jkbdefcRw`ahTVW`lg"V`CXwyX^¯
h`ljhy`acR^Sn¡xbaX_WX^Ghyjfwq1X_wwycfw)o3jkwyX]XNo{hy`aWjkhX_	°-`ahTPor~AX_g`®Ag]³ncRjkh`d^Ve~McR`a^GhijkbdefcRw`ahTnWo"©cRw-cf~AXw)jhcRwyo" \^w\&%Q\ m5\ RÞoXX6	dfR­ªNYs­Vp©cfw-X s~nba`lg`ah,wX_bdjkh`dcf^no S
|iohTVX	gcfwywyX_ghy`a^neÞjfghycfw   jk^nhyTVX	gcfwywXNghy`acR^ R9Y4Sjfbdoc omAX_w©wycfW2wcRmV^n`d^VePX_wwycfw)o­pj ¬jfba`l`ah{qtAcfmn^n
')( * ck7hTnX.gcRwwyX_ghXN	wyX_omVbahi`lo¦gcfW~VmhyX_ªAS TV`do]qs^njfW`lg/tAcfmV^M Xwy`dfX_o-©wcRWÛj%wmV^n^V`a^ne1XwywcRw,jk^njfbaqo`do,ckOhTnX
jkbdefcRw`ahTnW`lg]`CXwyX^Ghy`djkh`dcf^jk^n	hTnXgcfwywyX_ghy`acR^%~VwycgXNoo3RÞoXX6	ÍYp©cRw-wmn^V^V`d^VeXwywcRw3jf^njkbdqor`loS
S TVX_wX©cfwyXf­VhyTVXog_jkbljkw¦XwywcRwr¯9©wX_XwyX_omVbh  ojkh`lo{®nXNo ,+$-  ,' ( *\  .' ( * /xjRoomVW`a^ne%hyTnjh]hTVX®nw)orh¦cfw)X_w
jk~n~Vwc¬ `dWjh`dcf^cf-hTVXefbdcftMjkb=X_wwycfw.`do.jkbd`dp7S Tn`do.TsqG~AckhyTVX_o`lo`lo.oyjhy`dor®nXN©cfwba`d^VXNjkwjkbdefcfwy`ahTVWojRo.VX®n^VXN `d^	d­V9
¡xjkbdmnjkh`d^Ve1~AcfbdqG^ncfW`djfbptsq10icfwy^VXwN± o,og)TnXWX`loijbd`a^nX_jkw]jkbdefcRw`ahTVWÛjk^nPocWckhy`ajhyX_o,hTVX.mnorXck7hTVX¢"¡=¥i|













^V`d^Ve`h/jk^n tMX_`a^ne%wyX~VwyX_oX^GhyjftVbdXtsqPWjRg)TV`d^VX^smVW.tMX_wyo A©cfw]`a^Mo{h)jk^ngX`ahg_jk^ tAXo{hycfwyX_ jRoi`ahyo]bdc°"X_w¦jk^M mV~V~AXw
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`lVbdXcfOhTVX.`a^GhX_wjfbLY -  \  /°-`dbabtAX
X_^VckhyX_tsqW`l fGhYkf    hmcjk^MhyTVX,°-`lshTcfÛtsq fGhY    s¢3jf~V`h)jkbVbdXhhX_wyoO°-`dbdbMorhyjk^M©cRwx`d^RhyXwyjkblo
jk^MoWjkbdbªbaXhrhyXw)o ©cfw,oygjfbdjfwyo_S TVX/jkwy`hyTVW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cf~AXw)jhy`acR^no jkwyXX shX_^nX_	©cRw-`a^GhX_wjfbpcf~AXw)jk^nno=hycefmnjfwyjf^GhXX¦hTnX
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~VmhyX_`a^GhyXwy¬jfb
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gjf^
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|io1³ncRjkh`d^Ve ~Acf`d^Ghjkwy`ahTVWXhy`dgf­=`d^GhXwyjkb]jkwy`hyTVWXh`lg bdcRoX_o%orcRWXjkbdefXtnwyjf`dg~Vwycf~AXwh`dX_o_­x`d^~njfwrhy`dgmVbdjfwhTnX
cf~AXw)jhycfw `lo ^VcWcfwyXihyTVX/wXNg`d~Vwycsg_jkbCck jf^n%hTVX/W.mVbhy`a~nba`lgjkh`dcf^`do cR^Vbdq%ormntA`lorhwy`atVmVh`dfX/cfX_w3hTVXjRV`ah`dcf^p
¨ TVX_^cf~AXw)jk^nVoOjfwX-wyX~nbdjRgX_tsq`d^GhX_wjkbloO`d^1jk^X s~nwXNoo`acR^p­komng)Tjfo=j~Acfbdqs^VcfW`ljkbVcR^VXf­khTVX]gcfW~VmVhX_wyX_omVbah
`lo=jk^`d^GhXwyjkbVX_^ngbdcRo`d^Ve/XRXwyq~McGoo`dtVbaXi¬jfbamnX-ckChTV`loxX ~VwXNoo`dcf^.©cfw=jf^Gqog_jkbljkwOjkbdmVX,`d^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M  `a X_	~VwyX_g`lo`acR^	`d^GhXwyjkbpgcfW~Vmh)jh`dcf^Mo-jkwyX¦~AXw©cfwyWX_gcf^Mor`lXwy`d^VehyTVX/~AcfbdqG^ncfW`djfbpgcsX´1g`aX_^Rh)o-jfoRÞj(S	oygjkbljkw)o3tMX_`a^ne.hyTVXo`a^VeRbaX~VwyX_g`do`dcf^wcRmV^nXNGR©hchTnX/XfX_^	^nX_jkwyX_orh S=³ncGjhy`a^Ve~Acf`d^Rh,^smVW.tMX_wyo_­R©tS	`d^RhyXwyjkblo °-TVcRoXX^n~Acf`d^Ghyo-jfwX]hTnXc°-^s°3jfwy1jf^nmV~s°3jfwy%wcRmV^nXN1³McRjhy`a^ne~Acf`d^Gh,^smVWtAXw)o
V-¡O Vjfgh,gcfW~Vmh)jh`dcf^Mo3hcjkbd`dnjhX]hyTVX/~VwyXs`acRmnobaq1gcfW~VmhyX_wXNormnbh)o-jkwyX¦~AXw©cfwyWX_	°-`hyT . jk~VbdXf2n,S TVX`a^GhX_wjfbªX ~MX_w`dW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XN	jfeRjk`d^%mMor`d^Ve1jfnjk~h)jh`dfX]Wmnbhy`a~VbdX/~VwyX_g`do`acR^p
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hcPgcfW~VmhyX`ahX_wyjkh`dcf^1R:(Si°-`ahTgw`ahX_w`lj£V|,¡jk^n£|¦}/&£Gh)jkwh`d^VePjkeRjf`a^°-`hyT
 f (h Y$-] ­tAckhyTP£V|,¡jk^M£|¦}gwy`hyXwy`djjkwyX/ojkh`lo{®nXN1©cRw hTVX©cRbabdc°-`d^Ve¬jfbamnXf
vxwyX_g`do`acR^  f (h :  f:9h Lf  f:-h`h L \ -  f:-h /  VÍ _ ] 
	  n (2k¡O¯
S TVX.¢"¡"£VS&|i¢WXhTncswyX_mMgX_o3hyTVX/^smVWtAXw-cf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ko`a^VeRbaX~VwyX_g`do`dcf^¬jfbamnX_o  f (h  Y -] c<0&  & jf^n  f h  Y -] c70  VV¨X1gcRW~nmhX`ahX_wyjkh`dcf^1RiS]mMor`d^VehTnXh{°3c`d^V`ah`ljkbpjfbamVXNo  f (h  jf^n  f h  hyTVX/wXNormnbh)o-jkwyXihyTVX©cfbdbac°-`d^VeM
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 4 x º¼¶  4Þ¶ _ ¶ Nf Þ
S TVX`d^RhyXwyjkbª¥,X_° hcf^`ahXw)jhy`acR^%TnjRo tMX_X^X ~AXwy`aWX^GhyX_	mnor`d^Vej®V X_	~VwXNg`lor`dcf^gcRwwyX_o~McR^n`d^VehychTVXwÒ¡x¡=¡
o`a^VeRbaX~VwyX_g`do`dcf^pÒ^hyTV`do%orX_w`dX_ocf]X s~AXwy`dWX_^GhyohyTVXP~McRbaqs^VcRW`djfb,gcsX´1g`dX^Gh)o1jkwyXTnjk^nVbaXNjRoog_jkbljkw)ojk^n^Vcfh
`d^RhyXwyjkblo6ªhTVX_qjfwXhTnX1wcRmV^nXN hycP^VX_jfwXNo{h³ncGjhy`a^Vef¯9~Acf`d^Gh/^GmnWtAXw)o/gcfwywyX_o~McR^n`d^Ve%hychTVXeR`aRX^gcsX´g`aX_^Ghyo_
S TVXorhyjkwh`d^VeorXNjkw)g)T `d^GhXwyjkb7`lo - 
c-\c /QChyTVXX `lo{hyX^ngXjf^n mn^V`duGmVX_^VX_oyock"hTVXwycsckh/gcRwwyX_o~McR^n`d^Ve1hyc(me%`do
~VwycfX_^	jk^M%°-`dbab¼^Vckh,tAX/WX^Gh`dcf^VXN	jf^sq1WcfwyXfVS TVX/wyX_uGmV`dwXNoRÞwX_bdjkh`dfX0S3jRggmnwyjRgqcf^hyTVXwcsckh-`lowZ    i`aAX_wX_^Gh
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tMX_X^hXNo{hyX_ª­°3X/~VwyX_oX^Gh h{°"c.h{qs~V`dg_jkbªwyX_omVbahyo tAXbdc°/
.V ¶   °-TVX_^1hyTVX]jftnocfbdmhX,wyX_o`lmnjkb  `lo"uGmV`ahX]bljkwyefXf­fhTVX_^1hyTVX]|¦},|hX_orh-gcf^Mo{hy`hymhXNoxhyTVX¦XAXNghy`aRX]orhcR~V~V`d^Ve
gwy`hyXwy`acR^p­or`d^ngX`ah,`do,X_jfo`dbaq©mnb®nbdbdX_ª
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hyTVX^hTnXXAXNghy`aRX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ef`dfX_^#tsqhTnX
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jfggmVw)jfgqcf¼hyTVX/wcscfhyo_a­N0d­-hTnX},},|ãhXNo{hN  ~Vmh)jh`dfXwycsckhyo wycsckhyo3°-`ahT~VwycfX_^%X `lo{hyX^ngX
¢3jfoX Z   Z   - -] c704eh<00 \ -] c<0 <c / ^Vcf^VX
¢3jfoXY Z  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wyX_omVbahyo cftVhyjk`d^VXN1°-`ahThTVX¢"¡=¥¦|WXhTncs	tAckhTtAXbdcf^VehchyTV`do `d^GhX_wjkb9­jfo3°3Xbdbpjfo"hTVX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 4 x º¼¶  4Þ¶ _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¥,c°XNjfg)TgcsX´g`aX_^Gh¼ckhyTVX=~Acfbdqs^VcfW`ljkbf`loo{hycfwyX_/jfo&jk^/`d^GhXwyjkbG°-TVcRoXxX_^n~Acf`d^Rh)o¼jfwXOhyTVX=cRw`def`d^njfbRgcsX´g`aX_^Ghyo_­
wycfmV^nVX_ Vc°-^G° jkw) jf^n mV~s° jkw)ªCS TVXWXNjk^V`d^Veck j	`loygjkw)XN `d^RhyXwyjkb7`do¦hyTnjh/`ah/g_jk^V^nckh/gcf^Gh)jk`d^j	wcsckh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~AcfbdqG^ncfW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¨ TVX_^= YkZ   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`a^PhyTV`lo¦oX_gh`dcf^pM¨ TVX^   Y,Z   jk^n   Y,Z  ul ­Aj1ba`lo{h]ck,0~Vmhyjkh`dfX.wcsckhRÞo S
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'Z 70h /Â
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jfg_gmVw)jfgq	cfxhTnX
~AcfbdqG^ncfW`djfbVXjfbamnjkh`dcf^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`d^Ghch{°3c or`d^VeRbaXwycsckhyo/VcGXNo/^VcfhgcfW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£GhymVwWÕoX_uGmVX_^ngXNo­k`d^GhX_wjkblogI  jk^n I 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 + I 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0.42845 0.4285 0.42855 0.4286 0.42865 0.4287
Computed polynomial
Corrected polynomial and its bound
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 4 x º¼¶  4Þ¶ _ ¶ Nf Þ
¨ TVX_^ hTnX~Acfbdqs^VcfW`ljkbOgcsX´g`aX_^Ghyo]jkwyXhyTVX.wycfmn^nX_ hc	hTVX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